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the velocity profiles considerably. In conclusion, it might be
noted that Eq. (8) is a special case of a more general law for
the outer region of equilibrium turbulent boundary layers.?
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Exact Two-Body Error Sensitivity
Coeflicients

K. C. Kocar*
North American Aviation, Inc., Anaherm, Calif.

Nomenclature

radial distance to dynamical center

P = gemilatus rectum

n* = (u/p*)Y/2 = modified mean motion parameter
2 = true anomaly

e = eccentricity

T =t — {, = time since initial epoch

Az = inertial horizontal in-plane position deviation
Ay = inertial out-of-plane position deviation

Az = inertial radial position deviation

Ai* = inertial horizontal in-plane velocity deviation
Ay* = inertial out-of-plane velocity deviation

A#* = inertial radial velocity deviation

u = gravitational constant of primary body

p/r =1 4 ecv = nondimensional

¢, 8V = cOSsy, Siny

K; = constants of integration ¢ = (1,2, .. ., 6)

C; = arbitrary constants

W = su(l + ecv) = integrating factor

My = Micw + My sv + 2(r/p)M:

Introduction

ABLE 1 of Ref. 1 presented a complete set of exact
first-order error sensitivity coefficients for the general
Keplerian reference orbit. This note presents an outline of
its derivation. As noted in Ref. 1, there are two ways of ap-
proaching this solution. One method involves perturbing
the two-body integrals with respect to the orbit constants rela-
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tive to the final and initial epochs.?2 These perturbations are
combined by elimination to yield the error sensitivity co-
efficients or the transition matrix. The other approach that
is considered herein is to integrate directly the perturbation
equations of motion. This latter approach is more pertinent
to guidance theory.

Prior to publication of Ref. 1, in the recent literature there
did not appear to be an exact, completely explicit solution to
this problem by either method for a general Keplerian orbit.
Danby? does give a complete solution by the former approach,
but does not explicitly multiply out the 6 X 6 matrizants to
yield the transition matrix. 1f he had multiplied the matri-
zants, the results of Table 1 of Ref. 1 would be obtained.
Geyling* develops the general linear perturbation equations,
but he also gives the solution on the basis of the former ap-
proach, stating, however, that the two approaches are equiva-
lent. He does not give a complete solution to this problem -
and specializes to v, = 0 for in-plane perturbations.

The primary objective here is to tie the complete set of
exact error coefficients (Table 1 of Ref. 1) to the linear per-
turbation equations of motion by outlining its derivation.
Thereby, valuable insights can be gained on the nature of
error propagation in a free-fall trajectory, on the structure of
mechanization (“patched conic”) of the navigation-guidance
problem and on analytic error propagation for the nonhomo-
geneous solution required for the guidance problem. (Note:
The transition matrix is the Green’s matrix for the nonhomo-
geneous problem.) Further details on this derivation can be
found in Refs. 2 and 5.

Derivation of Error Coefficients

The error coefficients are obtained upon solving the follow-
ing linear perturbation equations of motion as an initial value
problem:

AT —20 AF + (—w + o?) Ar = —;’J' I:[ — —Tf:,Ar
(1)

where  is the angular velocity matrix of the rotating
frame. For a locally level in-plane out-of-plane coordinate
system, one can write the components of Ar

Az inertial in-plane horizontal perturbation
Ar = | Ay | = | inertial out-of-plane perturbation
Az inertial radial perturbation
2
and, if the reference trajectory is Keplerian, » can be ex-
pressed as
0 0 —v 1/2
w=]00 o »=uRZ 3)
i 0 0 r

The associated inertial velocity deviation in the local-level
rectangular coordinates can be expressed as

. Az* Az + v Az (ﬂp)lm Az’ + Az
Ar* = | Ag* | = | Ay == | Ay
Az* Az — b Az r A2 — Az
%)

where primes denote differentiation with respect to true
anomaly.
Let the perturbation Ar be transformed

Az L,
Ar = | Ay |=r]| L, | =1L 5
Az L,

where L is an arbitrary vector.

Substituting Eq. (5) into Eq. (1), converting the time dif-
ferentiation to true anomaly differentiation using two-body
reference values, and taking due cognizance of the two-body
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integrals of the reference trajectory, yields the following equa-
tions in terms of the component of L:

Lz” + 2Lz’ =0 (6>
L'+ L, =0 )
L — 2L, — 3(r/p) L. = 0 (8)

This set is integrable as shown below. First note that the
out-of-plane component L, is directly integrable:
Ly, =Ksev + Kesv 9
The in-plane equations (6) and (8) are coupled and are in-
tegrated as follows: from Kgs. (6) and (8) there results
L, = =2L, + K, (10)
L+ 4 —3(@/p)] L. = 2K, (11)
An integral to Eq. (11) can be obtained upon substituting
(p/r) = 1 -+ ecv and seeking an integrating factor. It can be
shown that W = sv(1 + ecv) is this integrating factor yielding
the equation from which the integral L. is obtained:
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formations. These transformations are expressed in terms of
eccentric anomaly F for elliptic orbits (¢ < 1) and hyperbolic
eccentric anomaly F for hyperbolic orbits (¢ > 1). When re-
transformed back to true anomaly, the integrals for both
types of orbits are found to be completely equivalent;

3en*r 1
My = —
L (1 — e?) (1 — e®)sv svg
[26 (2—] svg — 531)) + s(v — vo):l (15)
1p en*r T T 1
Ny = sl =
AL, 27‘{ 3r(1—e2)+ppe(1—e2)x

HBYIGE It

Substituting Eqgs. (9, 13, and . 14) into Egs. (5) and (4), and re-
grouping the results, the following matrix equation can be
written:

I, x=QK (17
(3 [5]) - >
dv w where
=2K, W f — dv f Wdv 4 Cs W P_VE dv + Cs W x = state vector = col(Ax, Ay, Az, A%*, Ay* Az*)
(12) K = constant vector = col(Ki, Ky, K;, K4, K5, K¢)
-—C<1—|—Zj>sv 4 2, T 0 0 1
P r r P P
0 0 0 0 7; cv r s
P 14
Q= |w esv oM, 0 0 0 (18)
— n*e + o) 0 n*ey n¥esy 0 0
0 0 0 0 — n*sy n*e + o)
2 2
n* P s —n* <8) n* <8> M; —n* Py 0
Loy r 7 7 §
Transition Matri
L, = Ki p o+ K) 0 + Kgfsv ﬁ} d (13) ransilion Matrix

Substituting Eq. (13) into Eq. (10) and integrating yields
/ 2
_IE‘SU{I_‘_Q)_‘_I&(YZ) —
e N r e \r

9K, f W

L., =

#dv+K

) TP (14

The integrals in Eqs. (13) and (14), respectively, denoted
by M, andfM., can be easily evaluated using standard trans-

— S 0 ]— LA
€ To
¢y e = (p/ro) o
i 0 _—2—
e e suy
— 2
0 0 = (’1>
e \7o
@t =
’ —(e + cvy) 0 P v
€ To €
0 (e +cewp) O
0 sV 0
L

<>

The error coefficients are obtained by converting the solu-
tion equation (17) to an initial value problem. This is ac-
complished as follows: from Eq. (17), at the initial epoch,

X = QK (19)
Eliminating the constant vector K yields
X =Q Q% (20)

where @ Qo' is the desired result given in Table 1 of Ref. 1.
To develop the product analytically, the inverse at the initial
epoch is obtained from Eq. (18) by direct inversion,

To
— — 0 0
*pe
1
Tﬁ)ctn 0 0
n¥e p
p
— = 0 — 8V
€ To * 50
(21)
é@@+g% 0 ~Llom
n¥e p 7o n* e
1 7o
- ;11581)0 0
1 To
’I’L*;)wo 0 4
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Premultiplying Eq. (21) by Eq. (18) will yield the initial value
solution to Eqs. (1) and (4), which constitute the transition
matrix as given by Table 1 of Ref. 1.

Discussion

Aside from its intrinsic usefulness for navigation-guidance
mechanization, it was found that the locally level in-plane,
out-of-plane frame of reference was the most convenient for
performing the integration primarily because of the decoupling
that takes place between in-plane and out-of-plane coordi-
nates. The simplification which this decoupling provides
eases immeasurably the analytic manipulations. Needless
to say, these manipulations are still quite laborious whether
one perturbs the integrals or integrates the perturbations.

The relationship of Eqgs. (6-8) to Geyling’s equations?
should be noted. If Geyling had performed the transforma-
tion equation (5), then Egs. (6-8) would result. Without
this transformation, the integral would have been difficult to
obtain.

Danby? also gives a detailed theory for two-body error co-
efficients. His matrizants are developed as perturbations
of two-body integrals with respect to the orbit constants.
The transition matrix is obtained upon multiplying two 6 X 6
matrizants, each evaluated at the respective epoch. It should
be noted that the @ and @, matrices here obtained are, in
reality, matrizants with respect to a different set of constants.
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Flow Field in a Swirl Chamber

D. H. Tsar*
Institul fiir Hochtemperaturforschung der Technischen
Hochschule Stuttgart, Germany

Introduction

HE operation of a swirl-stabilized plasmajet generator

has been described recently by Pfender.! Figure 1
shows such a chamber with its typical dimensions. Gas is
introduced into the chamber from symmetrically arranged
peripheral jets at one (or both) end of the chamber and
leaves from the central holes in the end plates. The tangen-
tial component of the jets drives the gas in rotation. As a
plasmajet generator, the end plates serve as electrodes for
discharging an arc along the chamber axis. The gas thus
heated by thc are streams out of the eentral holes and forms
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Fig. 1 Schematic diagram of a swirl chamber. In the ex-

perimental setup, Dy = 2R, = 60 mm, Ly, = 30-100 mm,

2rp = 2mm. Six nozzles each with exit area of 1 mm?,
nozzle axes at 10° from swirl chamber end plate.

plasmajets. The arc column inside the chamber is quite
stable, but the exact mechanism of the stability is not clear.

The purpose of this note is to describe some quantitatively
consistent measurements on the flow field in a series of swirl
chambers with different Ly/D, ratios. These measurements
were made without the arc along the axis. Other experiments,
however, have shown that the radial pressure distribution
remained qualitatively unaltered in the presence of the arc.
A fuller account of this work and a discussion of the influence
of the mass flow on the arc column stability will be pub-
lished elsewhere.

Experiments

The quantities measured were the tangential component
of the flow velocity, the flow direction, and the total pressure
at different radial and axial positions in the swirl chamber.
The tangential velocity components were measured by means
of a series of flat-sided propellers (anemometers) mounted on
jewel bearings located along the chamber axis. By assuming
the gas in the central core to rotate as a solid body and the
drag coefficient of the propeller element to remain constant,
it was possible to evaluate the rotational speed « of the gas
core from the change of the rotational speed of the propeller -
w, due to a small increase in the propeller diameter. From
this information, and with similar assumptions, it was pos-
sible to obtain the rotational speed of successively larger
cylindrical gas layers as the propeller diameter was succes-
sively increased.
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Fig. 2 Typical variation of the measured propeller rota-
tional speed o, with propellers of different diameters D.
For this series, the propellers were located at L/L, =
0.45 from the nozzle end, Ly = 100 mm. Upstream nozzle
pressure P, = 1.0 kg/cm.? The rotational speed w and
the tangential velocity component ¥y of the gas were ob-
tained from the w, curve. The radial velocity component
V: was computed from the measured flow rate.



